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Denote by yG(s) the Artin Lseries of the non-abelian cubic field K. Let N,(T) 
be the number of zeros of $(& + it) for 0 < t Q T. Then for each E > 0, there 
exists a positive constant T,, , such that for T> 7” : 
N,(T) > T1/a(loge/8T(log log T)1/3+c)-1. 
1. INTRODUCTION 
Let K be a non-abelian cubic field, with Dedekind zeta-function <x(s). Set 
#(s) = &(s)/&Y). Then #(s) is the Artin L-series associated with the field K. 
It is known that #(.s) is an entire function of order 1. 
Barrucand, in [2], has given asymptotic formulae for certain coefficient 
sums of $(s). Here, using these results, together with a method of Atkinson 
[l], for proving mean-value theorems, we show: 
THEOREM. Denote by N,,(T) the number of zeros of #(+ + it) for 0 < t < 
T. Then for each E > 0, there exists a positive constant T,, , such that for 
T> TO: 
N,(T) > T1~2(log2~3T(log log T)1/3+r)-1. 
We note that for K cubic abelian, the Artin L-series under discussion 
reduces to a product of Dirichlet L-series, and so the result of the theorem is 
true for this case, (cf. [2, 61). 
For the case of a quadratic field, Berndt [3] has shown the following for 
the Dedekind zeta-function of an ideal class: 
For every E > 0 there exists a positive constant A such that N,,(T) > AT+-<. 
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2. LEMMAS 
LEMMA 1 (Functional Equation). Let K be a non-abelian cubic field 
with discriminant D, and 4(s) = &(s)/&s) the Artin L-series of K. 
If K is totally real, then z,@) satisfies: 
(q)” P (+) #(s) = (J3” I72 (3 #(I - S). 
If K is not totally real, then C/J(S) satisfies: 
(g)” F(s) #(s) = (gy-” T(l - s) #(l - s), 
Proof. See [4, p. 2541. 
LEMMA 2. Let K be a non-abelian cubic field, and $(s) = &(s)/{(s) the 
Artin L-series of K. Then: 
(a) #(l + it> = Wlog(l t I + 3)12Wv3 hdl t I + 3>119 
(b) #(a + it) = O(tl-u[log(l t [ + 3)]2/3[10g log(l t I + 3)]113) uni- 
formly for 0 < u < 1. 
Cc> #(a + it> = O(bg(l t I + 3)l”/“[log WI t I + 3W") uniformly 
for 1 < (3. 
Proof. Part (a) can be easily proved using Lemmas 9-l 1 of [5], together 
with the analysis of [7, p. 521. Parts (b) and (c) follow from part (a) by the 
functional equation, and a PhragmCn-Lindeliif theorem. 
LEMMA 3. Let x(1 - s) = 4D-1/2(D1/2/2~)25 cos2(77s/2) r2(s), where D is 
the discriminant of the totally real, non-abelian cubic field K. Let N be a 
positive integer and set N + 4 = T(D)lJ2/2~. Set h = l/log T, 





[x(1 - W2 n-’ ds 1,2--iT 




l~~e~~ [x(1 - s)]l12 n+ ds = 27rD-114 cos ($) + O(T1/2n-1/2). 
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[x(1 - S)]l/Z n-8 ds = 0 
nl+h log( T(D)l/2/27Tiz) 
+ O(n-1-A). 
Lastly, 
A IL::: + !l:;:r:l [x(1 - S)]l/Z $(S) - c a(n) n-” ds [ n<N ] . 
where 
= O(T1i2 log2/3 T[iog log T]1/3), 
#(s) = ,gl a(4 L+ (u > 1). 
Proof. The proofs follow as for the corresponding theorems of [I], using 
Lemma 2. 
LEMMA 4. Let I&S) = x:f, a(n) n-8 (a > 1). Then 
where A, is a positive constant, and x and x’ approach infinity in such a way 
that (x - x’)/x~/~ approuches injinity. 
Proof. Barrucand essentially proved this in [2]. To simplify the analysis, 
he assumed the Riemann Hypothesis for certain Dedekind zeta-functions. 
Using [5, Lemma 91 and the analysis of pp. 271-273 of [4], one can give the 
proof of this lemma without any hypothesis. 
3. PROOF OF THEOREM 
We consider the case where K is totally real. In the case of K not totally 
real, the functional equation of #(s) contains a single gamma factor. Thus, 
one may follow the analysis, for example, of [7, pp. 223-2251, to obtain the 
result of the theorem, (cf. the estimates of [S]). 
If K is totally real, with discriminant D, the functional equation of #(s) 
may be written, in the notation of Lemma 3 as: 
w  - 4 = x(1 - 4w. 
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From this, it follows that [x($ - it)]‘l”$(B + it) is real, and even. Now choose 
T arbitrarily large. We will show 
it)]“” $(a + it) dt 
= 2,rrD-w c u(n) cos + U(T1f2 log2j3 T(log log T)1/3). 
fz<T(D)‘IZ)2n 
Using Lemma 2 and Stirling’s formula for r(f), we have [x(4 - it)]‘!” 
#(& + it) = O(t1~2[log(l t ] + 3)]2/3[log log([ t I + 3)]1/3); so we may assume, 
without loss of generality, that T(D)1/2/27r = N + 4, where N is a positive 
integer. Now 
WI = joT x14 - it]1/2 #(i + it) dt = Q s_‘, [x($ - it)]“” #(+ + it) dt 
1 
zz=----- 
s ,;;y”: 1x(1 2i - s)]~‘~ nc, a(n) rs ds . 
+ & jlywyTT [x(1 - s)]‘p [ 





__ 1,2-iT 1x0 - ~11~‘~ n-* ds s 
+ 4 ]ll’:lr:’ + j+;;;j [x(1 - s)ll/a [$(s) - zNu(n) n-j ds 
+ N;ti % jlzwyTT [xX(1 - s)]‘/~ KZ--~ ds 
= 27rP114 *TN a(n> cos (g) 
1 
n’i2 log(T(D)‘J2/2m) ) 
+ N-N&., a(n) U(T11an-1’2) + c u(n) o(Tn--) \ N<n<NiN’le 
+ .+g,. +) o ( T’/Z nl+h log(T(D)“2/27rn) > 
+ N+NS’<n a(n) O(n-1-A) + O(T1lz log 2/3 T(log log T)‘13) 
by Lemma 3. 
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Write 
Z(T) = z; + 2‘2 + & + zl, + & + & + O(T112 log2j3 T(log log T)“3). 
zl,= c+ ! ?2<iN +N<&NI,2f @) O ( ??‘I2 log(T;D)‘i”,27in) ) 
Now log(7’(D)1/2/2rn) > log 2 for n < T(D)l’“/4r. Thus 
2; = 0 
i 
1 / U(n)l IZ-~/~ = O(T112 log-l/3 T) 
n<tN 
by partial summation together with Lemma 4. 
For +N < n < N - N1i2. 
T(D)li2 
log ( 2m ) > 
T - 2mlD112 
T ’ 
Thus 
x; = 0 TIP c I a( +N<ncN-N~~~ T - 2mlD1i2 = O(T1i2 log2i3 T) 
by partial summation and Lemma 4. Next, by Lemma 4, 
z3 = 0 
i 
N-Nl~<,<N I 4n)l) = OP2 lw1'3 0, 
\. 
‘x4 = 0 
( 
= w1'2 loP'3 0. 
Z5 may be evaluated as .Z2 to give 
z; = 0 T1j2 c 
I 44 
N+Nl~2<n<2N 2r4D112 - T 
T1i2 C j a(n)] n-1-h 
2N<n 
= O(T1/2 log2i3 T). 
‘z. == y a(n) O(n-I-“) = O(log213 T) 
by 
s T  0 
partial summation and Lemma 4. Collecting our estimates we obtain 
[x(+ - it)]1/2 t,b(& + it) dt 
= 2rrpv4 
c a(n) cos 
n<T(D)"=/Zm 
+ O(T1i2 log2j3 T(log log T)li3). 
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+ O(Tl/2 log2/3 T(log log T)‘/3) 
= O(Tl/2 log2/3 T(log log T)‘/3) 
by Lemma 4. But as in [3], 
I 
T+H 
lM3 - zW2 #(+ + if)1 dt T 
3 cH + O(T1j2 1og213 T(log log T)1/3), 
where c is a positive constant (depending on the field K). 
Thus [x(4 - it)]ll”#(+ + it) changes sign at least once in the interval 
(T, T + H). Thus #(& + it) h as at least one zero in the interval (T, T + H). 
This establishes the theorem. 
REFERENCES 
1. F. V. ATKINSON, The mean value of the zeta-function on the critical line, Quart. J. 
Math. 10 (1939), 122-128. 
2. P. BARRUCAND, Quelques propri&% des coefficients des Gries L associ& aux corps 
cubiques, C.R. Acad. Sci. (Paris) S&r. A-B 273 (1971), A960-A963. 
3. B. C. BERNDT, The number of zeros of the Dedekind zeta-function on the critical line, 
J. Number Theory 3 (1971), l-6. 
4. S. LANG, “Algebraic Number Theory,” Addison-Wesley, Reading, Mass., 1970. 
5. T. Mrrsur, On the prime ideal theorem, J. Math. Sm. Japan 20 (1968), 233-247. 
6. C. L. SIEGEL, Contributions to the theory of the Dirichlet L-series and the Epstein 
zeta-functions, Ann. Math. 44 (1943), 143-172. 
7. E. C. TITCHMARSH, “The Theory of the Riemann Zeta-Function,” Clarendon, Oxford, 
1951. 
8. L. WEINSTEIN, The mean value of the Artin L-series and its derivative of a cubic field, 
Glasgow Math. J., to appear. 
Printed in Belgium 
